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ITERATIVE METHODS FOR THE NUMERICAL SOLUTION OF 

SECOND ORDER ELLIPTIC EQUATIONS WITH LARGE FIRST ORDER TERMS 

John St r ikwerda  

I n s t i t u t e  f o r  Computer Appl ica t ions  i n  Science and Engineer ing 

ABSTRACT 

This  paper p r e s e n t s  i t e r a t i v e  methods f o r  t h e  numerical  s o l u t i o n  

of second o rde r  e l l i p t i c  equat ions whose f i r s t  o rde r  terms have coef- 

f i c i e n t s  t h a t  are o r d e r s  of magnitude l a r g e r  than those  of t h e  second 

o r d e r  terms. Such equat ions  arise i n  s i n g u l a r  p e r t u r b a t i o n  problems 

and a l s o  i n  t h e  numerical  g r i d  gene ra t ion  technique of Mastin and 

Thompson. These equa t ions  e x h i b i t  boundary layer phenomena which 

u s u a l l y  r e q u i r e  an unevenly spaced g r i d  f o r  t h e i r  numerical  s o l u t i o n .  

The methods are  similar t o  success ive  ove r re l axa t ion ,  bu t  have t h e  

advantage of n o t  r e q u i r i n g  t h e  use r  t o  supply a parameter .  

are  shown t o  be s t a b l e  even f o r  v a r i a b l e  c o e f f i c i e n t s  by us ing  t h e  

theory of pseudo- t rans la t ionopera tors  developed by Va i l l ancour t .  

Numerical r e s u l t s  are presented and d iscussed .  

The methods 

This  r e p o r t  w a s  prepared as  a r e s u l t  of work performed under NASA 
Contract  No. NAS1-14101 a t  I C A S E ,  NASA Langley Research Center ,  Hampton, 
VA 23665.  



I. I n t r o d u c t i o n  

Consider t h e  e l l i p t i c  equat ion 

au +2bu +cu +du + e u  + f u = G ( x , y )  (1.1) 
xx X Y Y Y X Y  

2 def ined  i n  a domain R i n  W . The c o e f f i c i e n t s  are assumed t o  be  

smooth, s lowly vary ing  func t ions  of t h e  independent v a r i a b l e s  (x ,y ) ,  

and a l s o  

on R . I f  L 

a c - b 2 z 6 > 0  

s a r e f e r e n c e  l eng th  f o r  R ,  such as t e d iameter ,  

t hen  w e  d e f i n e  t h e  Reynolds number f o r  equat ion  (1.1) as 

L F d + e  

I n  t h i s  paper  w e  w i l l  consider  e l l i p t i c  equa t ions  f o r  which t h e  

Reynolds number is l a r g e ,  on the o rde r  of a thousand a t  least. We w i l l  

a l s o  assume t h a t  t h e  c o e f f i c i e n t  f ( x , y )  i s  of t h e  same, o r  less, 

o rde r  of magnitude as t h e  c o e f f i c i e n t s  d (x ,y )  and e ( x , y ) ,  and t h a t  

t h e  c o e f f i c i e n t s  a (x ,y )  and c(x ,y)  are of t h e  same orde r  of magnitude 

wi th  r e s p e c t  t o  t h e  Reynolds number. Such equa t ions  as t h e s e  arise f r e -  

quen t ly  i n  a p p l i c a t i o n s ,  usua l ly  as s i n g u l a r  p e r t u r b a t i o n  problems. 

The methods p re sen ted  i n  t h i s  paper  a r e  designed f o r  t h e  numerical  

s o l u t i o n  of e l l i p t i c  equat ions  wi th  large Reynolds number. They formally 

resemble success ive-over - re laxa t ion  (SOR) and they w i l l  be  r e f e r r e d  t o  

as SRR - success ive  r e l a x a t i o n  f o r  l a r g e  Reynolds number. 



Unlike SOR which r e q u i r e s  a p r i o r i  knowledge of t h e  i t e r a t i o n  

parameter ,  i n  SRR t h e  i t e r a t i o n  parameter is  chosen a t  each g r i d  p o i n t  

according t o  a formula de r ived  from a s t a b i l i t y  c r i t e r i o n .  

f o r  t h e  case of t h e  f r e q u e n t l y  encountered f ive -po in t  d i f f e r e n c e  o p e r a t o r  

i s  de r ived  i n  Sec t ion  V.  Computational r e s u l t s  are desc r ibed  i n  t h e  last  

This  formula 

s e c t i o n  and t h e  n o t a b l e  f e a t u r e s  of SRR are p resen ted .  

c u r r e n t l y w o r k i n g  on a proof f o r  t h e  convergence of t h e  SRR method. 

The a u t h o r  i s  

I t e r a t i v e  numerical  methods f o r  e l l i p t i c  equa t ions  w i t h  s i z e a b l e  

lower order terms have been s t u d i e d  by s e v e r a l  o t h e r  a u t h o r s ;  w e  mention 

only Concus, Golub, and O'Leary [ 2 3 and Widlund [ l o  1. 

do n o t  consider problems w i t h  boundary l a y e r s  and nonuniform g r i d s  which 

are e s s e n t i a l  f e a t u r e s  of SRR. 

They,however, 

11. Boundary l a y e r s  

The s o l u t i o n s  of D i r i c h l e t  problems f o r  e l l i p t i c  equa t ions  w i t h  a 

l a r g e  Reynolds number f r e q u e n t l y  have boundary l a y e r s .  

are regions nea r  t h e  boundary where t h e  s o l u t i o n  has  ve ry  l a r g e  g r a d i e n t s  

and they are l o c a t e d  a t  those  boundary p o i n t s  where 

Boundary l a y e r s  

and 

(x,y)  . 
t u r b a t i o n  expansions (see Nayfeh [ 4 3 ,  Van Dyke [ 9 1 ) .  

(nx,ny) are t h e  d i r e c t i o n  c o s i n e s  f o r  t h e  i n t e r i o r  normal a t  v 

The c o n d i t i o n  ( 2 . 1 )  can be e s t a b l i s h e d  by t h e  method of per- L 

- 2- 



In the numerical solution of such problems a nonuniform grid is 

frequently employed to place more grid points in the boundary layer 

region. To study some effects of the grid on the solution we consider 

the one-dimensional equation 

u +Rux=O on O ~ x ~ l  ( 2 . 2 )  xx 

with the boundary data 

u(0) = 0 , u(1) = 1 . 

There is a boundary layer at x = O ,  and to resolve it we introduce 

the coordinate transformation 

where 

q'(x)>O and q'(O)<<l . 

Equation (1.4) then becomes 

(q'u ) +Ru = O  , 
q q  q 

and this equation is approximated by the difference equations 

h -2 (qi+pi+pi) 1 - q;-L tui - u 1 ) 
2 i- 1 

( 2 . 3 )  
i =  1, 2, .-. , X - l ,  1 + $Rh- = 0 ,  

with 

u o = o ,  ""1. 

- 3- 



The s o l u t i o n  t o  equa t ion  (2.2) is  a monotone i n c r e a s i n g  func t ion  and 

w e  w i l l  now examine equa t ion  ( 2 . 3 )  t o  see when i t s  s o l u t i o n  i s  a l s o  mono- 

tone.  We rewrite equat ion  ( 2 . 3 )  as 

i+l +’%+ Rh 

= u  i + u  i-1 + (  2$) (ui-ui-l) * 

i s  g r e a t e r  t han  u then  w e  have Suppose U i + l  i ’  

2q 1-3 ’ 
u + u . t  - (ui-l - Ui> ’ 2ui Y i-1 1 Rh 

o r  equ iva len t ly  

I f  t h e  s o l u t i o n  t o  equat ion  ( 2 . 3 )  is monotone then  u w i l l  be  g r e a t e r  

than  ui- ly  

i n e q u a l i t y  be  nega t ive .  

t h e  s o l u t i o n  t o  equa t ion  ( 2 . 3 )  t o  be monotone i s  t h a t  

i 

and t h i s  r e q u i r e s  t h a t  t h e  second t e r m  i n  t h e  above 

This shows t h a t  a necessa ry  cond i t ion  f o r  

The q u a n t i t y  on t h e  l e f t  s i d e  of i n e q u a l i t y  ( 2 . 4 )  is  c a l l e d  t h e  

c e l l  Reynolds number. Note t h a t  t h e  cond i t ion  is  e s s e n t i a l l y  

( 2 . 4 ’ )  

znd it imposes a r e s t r i c i i o n  on t h e  g r l d  spac ing .  

-4- 
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In computation it is seen that if inequality (2.4) is violated at grid 

points away from the boundary layer then the resulting oscillations are not 

large and do not severely affect the accuracy of the solution. However, if the 

inequality is violated in the boundary layer region then the oscillations 

can be very large and will severely affect the accuracy of the solution. 

It should be mentioned that another difference scheme might lead 

to a slightly different condition than condition ( 2 . 4 )  but it would still 

be a restriction on the grid spacing similar to the restriction (2.4'). 

It is also important to note that the cell Reynolds number condition is 

a statement about the solution of the difference equations and is 

independent of the solution procedure. For two-dimensional problems 

and problems with variable coefficients the cell Reynolds number con- 

dition remains approximately valid in the neighborhood of the boundary 

layer. For another discussion of the cell Reynolds number condition 

see Roache [ 5 1 ,  and for a finite element approach to this subject 

see Christie et.al. [ 1 I .  

111. The SRR method, an example 

Before introducing the method in general, we will consider as an 

illustration the equation 

u + u  + R u  +R,u = O  xx yy l x  - y  

on the square 

-5- 



t .  

with u specified on the boundary. To resolve the boundary layers we 

introduce a change of coordinates given by 

q = q W  , P=P(Y) 

where q(x) and p(y) are smooth, strictly increasing functions and 

q(0) = p(0) = 0, q(1) = p ( 1 )  = 1 . 

Equation (3.1) then becomes, in the new coordinates, 

q'(q'u 9 4  ) +p'(p'u P P  1 +Rlq'uq+R,p'up=O - , 

where 

This equation can then be replaced by a difference approximation using 

a uniform grid in the (q,p) unit square. We write this difference 

approximation only as 

-190 091 + m  0,-1 U 
+m u 190 + m  m u  ij i+lj ij i-lj ij ij+1 ij ij-1 

l,o+m-l,o+m~,l+mo'-~) ij 
ij = 0 , - (mij fj ij 

depend on the precise form of differencing a,b 
i , j  

where the coefficients m 

that is used. 

Using the natural ordering of points and immediate replacement 

this system of difference equations can be solved by the following 

a1 gor i t hm 

-1,0 un+l U n+l=un +w (m 1,O u n +m 
ij ij ij ij i+lj ij i-1 j 

0,l il 0 ,-1 un+l 
ij iJ+1 + m i j  ij-1 + m  u .  

l , o + m - ~ , o + m o ~ ~ + m o ~ - ~ )  un } . 
- (mij ij ij ij ij 

-6- 
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The iteration parameter w is given by 
ij 

0,-1 where m = m  - l,O+m-l,O+mO,l+m and the subscripts (i,j) have been 

left off the m's for convenience. 

This example will be discussed at more length in Section VI and 

the 

For 

are 

derivation of the expression for w will be given in Section V. 

now we only point out that for the particular case whose results 

given in the first part of Table I the number of interations 

ij 

required for convergence is nearly constant, independent of R for 

values of R between 6,000 and 80,000. 

IV. The SRR method 

We now present 

(1.1) and transform 

in order to improve 

the SRR method in detail. We begin with equation 

coordinates to the independent variables (H,;) 

the resolution of the boundary layers. This 

transformed equation again has the form of equation (1.1). 

assume for simplicity of exposition that , the image of R in the 

(G,?) coordinates, is the unit square. On 5 :\'e take a uniform grid 

We will 

with points 

indexed by tile multi--index a =  (a,,~,) . The ai are inteLers witb 

- 7- 



-1 where t h e  q u a n t i t i e s  hi are a l s o  i n t e g e r s .  

The d i f f e r e n c e  approximation can  then  b e  w r i t t e n  as 

f o r  a l l  mult i - indices  2 w i t h  

i s  given by 

Xa E n .  The norm of a mult i - index 

The c l a s s  of i t e r a t i v e  methods w e  d i s c u s s  h e r e  are given i n  g e n e r a l  

where 

To determine t h e  i t e r a t i o n  parameter 

s tudy  the symbol of t h e  scheme. 

d e f i n e d  a s  

W c! 
f o r  t h i s  scheme, w e  w i l l  

The symbol f o r  t h e  scheme ( 4 . 2 )  is  

- 8- 



C 

where 5 = (5,,C2) with I (,I I IT . The iteration parameter w 

is chosen so that 
a 

The definition of the symbol of the iteration scheme is in accordance 

with the theory of pseudo-translation operators developed by Vaillancourt 

[ 7 3 .  The condition (4.3) is motivated by the Lax-Nirenberg theorem 

(Lax-Nirenberg [ 3 1 ,  Vaillancourt [ 8 I ) ,  which guarantees stability 

for the iteration scheme when applied for = W . 2 

For the remainder of the paper we make the following consistency 

assumption. 

Assumption 4.1. The difference approximation (4.1) satisfies 

for 15,) 5 7~ and some positive constant c. 

We now obtain an expression for L . Define the symbols a 

and 

0 1 m = m(x,<> = m (x,<) +m (x,S) . 

From p! I 1 we have 

-9- 



o r  equ iva len t ly  

From t h e  cons is tency  assumption w e  have 
. 

n 

-1 . 

Define at by 

( 4 . 4 )  

For wa i n  t h e  i n t e r v a l  [O,c;] t h e  i t e r a t i v e  method ( 4 . 2 )  w i l l  be  

s t a b l e .  Moreover, as shown i n  t h e  l as t  s e c t i o n  of t h i s  paper ,  t h e  

* convergence ra te  of t h i s  scheme is  opt imal  f o r  w a equa l  t o  w a '  

a t  least f o r  t h e  examples considered t h e r e .  

Note tha t  i f  1 mll i s  l a r g e r  than  I mol f o r  a l l  va lues  of 5 ,  

then t h e  scheme is  uncond i t iona l ly  s t a b l e  i n  t h e  sense  t h a t  any p o s i t i v e  

va lue  of (d a w i l l  s a t i s f y  i n e q u a l i t y  ( 4 . 3 ) .  

schemes here. 

W e  w i l l  n o t  cons ider  such 

-10- 



V. Computation of (I)* f o r  s p e c i a l  cases 

W e  f i r s t  compute W* f o r  t h e  case i n  which t h e  i t e r a t i o n  o p e r a t o r  

h a s  a f ive -po in t  s t e n c i l  given by 

n n+l 
+ c  u + d . .  uij-l i j  ij+l IJ 

- (aij + b i j  +c i j  + d i j )  uyj 1 

Equation (5.1) is  of t h e  same form as equa t ion  ( 3 . 3 ) .  A s  i n  t h e  

p rev ious  s e c t i o n  w e  have 

mo = aeie+cei'- ( a + b + c + d )  

- i 0  - i S  m1 = be + d e  

where w e  have dropped t h e  s u b s c r i p t s  ( i , j )  and c =  (e,$).  Note t h a t  

Assumption 4.1 is  s a t i s f i e d  when a + b  and c + d  are p o s i t i v e ,  

0 1  - R e m  = -Re (m + m  ) =  ( a + b ) ( l - c o s  e ) + ( c + d ) ( l - c o s  9) 

2 2 
= 2 ( a + b )  s i n  -$e + 2 ( c + d )  s i n  $ 3  . 

* 
W e  w i l l  use formula (4.4) t o  compute w . 

1 1 . ~ ~ 1 ~  - Im112 = ( a + b + c + d ) ( - R e m )  

2 + 2 ( a + b ) ( a - b - c + d ) s i n  38 

+ 2 ( c + d ) ( c - d - a + b ) s i n  *$ 
2 

+ 4(  ( a+  b )  (c - d )  + ( c  + d )  (a  - b ) ) s i n  %e s i n 3 9  cos  - 4) . 

-11- 



L e t  

and 

Then 

A = 2 ( a + b ) ( a - b - c + d )  

B = 2 ( ( a + b ) ( c - d ) +  ( c + d ) ( a - b ) )  , 

C = 2 ( c + d ) ( c - d - a + b )  . 

[ m o l 2  - 

+ ( A +  

m1I2 I ( a + b + c + d ) ( - R e m )  

where r is an a r b i t r a r y  p o s i t i v e  number. I f  r is  chosen so  t h a t  

A + ] B ] r  - - C + I B , ! r - '  
a + b  c + d  , 

then 

0 2  
I m  I - lm1l2 I ( a + b + c + d ) ( - R e m )  

2 2 
- dl ) ( - R e m )  . + ha+b+c+d) ( ( : ; \ )  + c + d  

This  i m p l i e s  t h a t  

2 

2 2 d a + b + c + d )  ((:;:) + c + d  
* -1, a + b + c + d  + L  

(w ) - 

Moreover t h e  above i n e q u a l i t i e s  are sha rp  as can be seen by t a k i n g  

-12- 
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Theref o r e  

The r e a d e r  is  reminded t h a t  t h e  c o e f f i c i e n t s  a , b , c ,  and d are 

a l l  v a r i a b l e  f u n c t i o n s  of t h e  g r i d  p o i n t s  and t h e r e f o r e  

a f u n c t i o n  of t h e  g r i d  p o i n t .  

m* is a l s o  

W e  now cons ide r  t h e  iterative method ob ta ined  from t h e  checker- 

board o rde r ing .  

formula (5.2).  

We w i l l  show t h a t  i n  t h i s  case u* 

Analogous t o  equat ion (5.1) w e  have 

is  a l s o  given by 

n+l  n n+E n+& 

1J 
u . .  = u i j  + w.  ij .t aij ui+lj + b i j  U i - l j  

n+E n+& 
c u  i j  i j+l  + di jUi j - l  

+ b . . + c  + d  . )U . . }  n 
- (a i j  ij i j  i J  1J 

(5 * 3) 

where E = O  f o r  i + j  even and & = l  f o r  i + j  odd. To o b t a i n  t h e  

expres s ion  f o r  wij one sets  * 

2n+E z i k 8  e 

o b t a i n i n g  t h e  equa t ion  

2 w - :( - ( a + b + c + d ) )  

= ( a + b ) c o s  8 + ( c + d ) c o s  I$ 

+ i ( a - b ) s i n e  + i ( c - - ) s i n @  . 
-13- 
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The va lue  of u* is  determined by t h e  requirement t h a t  f o r  w less 

than or equal  t o  W* t h e  modulus of z is less than  u n i t y .  Rather 

than t o  proceed wi th  t h i s  c a l c u l a t i o n  an a l t e r n a t i v e  approach i s  t o  

n o t i c e  t h a t  i f  f o r  t h e  n a t u r a l  o r d e r i n g  one sets 

?n+k+e ik0 il@ 
l&= z e e  

then t h e  r e s u l t i n g  formula f o r  z i s  t h e  same as equa t ion  ( 5 . 4 ) .  This 

shows t h a t  t h e  expres s ion  f o r  w* is  t h e  same f o r  both o rde r ings .  

For t h e  i t e r a t i v e  method whose formula i s  

) U n+l = u n +ui j{A. .  ( u ~ + ~ ~  n - 2 U i j  n +ui-l j  n+ l  
i j  i j  =J 

1 n n+l  - u  + U  
n n+l 

+ B i j  (Ui+l j+l- ui+l j-1 i-1 j+l  i-1 j-1 

n n n+l + cij(uij+l - 2uij +ui j - l  

+ D i j  (Ui+lj  - u  i - l j  
n n+l 

+ Eij (uij+l n - uij-l) n+l 1 3 

* 
an  e s t ima te  f o r  w is  given by 

(s*)-' 2 $ { A + c + D + E  

2 ( 1 + 6 ) ( A / E I +  C l D l > +  4 1 B (  (2 f i  IDI+ID+E()  + 
A + C  - \ L A -  C)2 + 1 6 B 2  

This estimate of u* has been used t o  numerical ly  s o l v e  t h e  

e l l i p t i c  equa t ions  t h a t  r e s u l t  from the  g r i d  gene ra t ion  technique of 

'Thompson e t .  a l .  [ 6 1. I n  t h e  case t h a t  the g r i d  has  a h igh  degree 

-14- 



. 

of s t r e t c h i n g  t h e  equat ions have a l a r g e  Reynolds number. Although no 

r e s u l t s  on t h i s  are p resen ted  i n  t h i s  pape r ,  i t  h a s  performed very 

s a t i s f a c t o r i l y  i n  many computations. 

V I .  Computational Resu l t s  

The SRR method p resen ted  i n  t h i s  paper has  been t e s t e d  on t h e  

d i f f e r e n t i a l  equa t ion  

u + u  + R u x = O  O L X , Y L 1  9 
xx YY 

w i t h  several boundary condi t ions.  

by t h e  mappings 

The c o o r d i n a t e s  w e r e  transformed 

4 
x = x;, q + (1 - x ;)q 

where x1 and c are parameters. Note t h a t  0 

I = -  dx (0) 
xO dq 

and 

I = * (0) = (1) = 1 + 8 c ,  
'0 dp dP 

and a l s o  

3 2 2 
- (0) = - d x  (0) = % (0) = i-2 (1) = 0 . 
dq2 dq3 dP dP2 

2 
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Employing a uniform (N + 1) X (N + 1) g r i d  i n  t h e  (4, p) p l ane  

t h e  d i f f e r e n c e  approximation i s  given by 

+ 6 R q;(ui+lj - u i - l j  )h-' = 0 

-1 
f o r  l < i ,  j < N + 1 ,  where h = N  . 

The f irst  problem has  t h e  boundary cond i t ion  

U(X,Y> = I x -  YI 

f o r  (x,y) on t h e  boundary. 

problem; however, t h e  s o l u t i o n  does s a t i s f y  

An exac t  s o l u t i o n  i s  n o t  known f o r  t h i s  

u(x ,  1-y) = 1 - U(X,Y) 

and f o r  R l a r g e  and 6 < y <  1 - 5  

-xR -xR 
u(x ,y)  = y e  + ( 1 - e  I ( 1 - y )  

I n  add i t ion  t o  t h e  boundary layer a t  

has  apprec iab le  g rad ien t s  a long t h e  boundaries  y = O  and y = l  . 
x = O ,  t h e  s o l u t i o n  t o  t h i s  problem 

The second problem has as i t s  s o l u t i o n  

and t h e  boundary cond i t ions  s p e c i f y  t h a t  

on t h e  boundary. 

u a g r e e s  w i t h  t h i s  s o l u t i o n  

-16- 



The concern i n  t h i s  paper i s  w i t h  t h e  convergence p r o p e r t i e s  of t h e  

method, and n o t  so  much wi th  t h e  accuracy of t h e  r e s u l t s .  For any 

p a r t i c u l a r  problem t h e  accuracy of t h e  resu l t s  depend p r i m a r i l y  on 

having enough g r i d  p o i n t s  t o  r e so lve  t h e  boundary l a y e r  and having a 

c o o r d i n a t e  t r ans fo rma t ion  which p l a c e s  t h e  g r i d  p o i n t s  p rope r ly .  The 

c e l l  Reynolds numbers are a measure of t h e  s u i t a b i l i t y  of t h e  placement 

of t h e  g r i d  p o i n t s .  A second cons ide ra t ion  is t h e  cri teria t o  t e r m i n a t e  

t h e  iterative method. I n  t h e  fol lowing examples t h e  i t e ra t ive  procedure 

w a s  stopped when 

-4 11 un - 2-l 

II 412 
“2 I 10 . 

The l2 norm i n  t h e  above is given by 

II f l 1 2  = ( h - 2 z - I f C L /  )* . 
Xa&R 

The convergence c r i t e r i o n  of i n  i n e q u a l i t y  (6.2) w a s  chosen because 

i t  w a s  small enough t o  achieve s a t i s f a c t o r y  answers and y e t  l a r g e  enough 

so  t h a t  i t  w a s  economically f e a s i b l e  t o  make t h e  l a r g e  number of runs 

r e q u i r e d  f o r  t e s t i n g  t h e  algorithm. 

I n  Tables I and I1 are shown t h e  r e s u l t s  of s o l v i n g  problems 1 and 2 ,  

r e s p e c t i v e l y ,  by both t h e  checkerboard and n a t u r a l  o r d e r i n g s  f o r  d i f f e r e n t  

v a l u e s  of t h e  g r i d  s i z e  N ,  t he  Reynolds number R , and t h e  coord ina te  

t r ans fo rma t ions .  I n  t h e s e  t a b l e s  t h e  v a l u e  of w w a s  always taken t o  

be w* as given by equa t ion  ( 5 . 2 ) .  

a 

CL 

Notice from Tables  I and I1 t h a t  f o r  a given g r i d  s i z e ,  c o o r d i n a t e  

t r ans fo rma t ion ,  and o r d e r i n g  the  number of i t e r a t i o n s  r equ i r ed  f o r  

-17- 



convergence is e s s e n t i a l l y  independent of K . However, when t h e  c e l l  

Reynolds number a t  x=O is near  o r  above 2 t h e  convergence 

rate becomes poorer  and t h e  s o l u t i o n  i tself  becomes h i g h l y  

o s c i l l a t o r y .  

Included a t  t h e  end of Table I are c a l c u l a t i o n s  f o r  t h e  equa t ion  

u + u  +Ru + & R u = O  xx yy x 

f o r  6 = 0 . 5  and 6 = 1 . 0  . The v a l u e  of w w a s  t h e  same as d e r i v e d  i n  

S e c t i o n  V f o r t h e  case 6 = O .  The computations i n d i c a t e  t h a t  s t a b i l i t y  

is  maintained f o r  lower o rde r  terms of t h e  same o r d e r  as t h e  f i r s t  o r d e r  

terms. 

a 

Table I11 shows t h e  e f f e c t  of t ak ing  ma as a m u l t i p l e  of m* a 

t h e  case when N = 4 0  and R = 4 0 , 0 0 0 .  The number of i t e r a t i o n s  r e q u i r e d  

f o r  convergence w a s  least f o r  w = w  and f o r  w l a r g e r  t han  w a t h e  

method does n o t  converge a t  a l l .  

f o r  

* * 
a a  a 

S i m i l a r  r e s u l t s  were observed f o r  

o t h e r  values  of N and R b u t  are n o t  d i sp l ayed .  

I n  Table IV i s  shown t h e  r e l a t i o n s h i p  between t h e  number of g r i d  

p o i n t s  along one s i d e  of t h e  g r i d ,  N ,  and t h e  number of i t e r a t i o n s  

r equ i r ed  f o r  convergence. For both t h e  checkerboard o r d e r i n g  and n a t u r a l  

o r d e r i n g  t h e  number of i t e r a t i o n s  i s  p r o p o r t i o n a l  t o  

of N .  This  shows t h a t  p ,  t h e  r a d i u s  o f  convergence of t h e  i t e r a t i v e  

N f o r  l a r g e r  v a l u e s  

scheme, s a t i s f i e s  

I) = 1 - C/N+ a (N-') 

and, from t h e  ear l ier  comments, C i s  independent of R . A similar 

formula ho lds  f o r  SOR when t h e  i t e r a t i o n  parameter i s  chosen p rope r ly  

(Young [I1 ] j ,  and t h i s  i s  an  .i.ndicaiion of t h e  e f f i c i e n c y  Gf rhe  method. 

-1%- 



More s p e c i f i c a l l y ,  w e  have from t h e  r e s u l t s  of Table IV t h a t  f o r  t h e  

checkerboard o r d e r i n g  t h e  radius  of convergence s a t i s f i e s  

5.8 p s  1- - N 

and f o r  n a t u r a l  o r d e r i n g  

4 . 6  p 2 1- - N o  

By comparison, u s ing  SOR t o  solve Laplace 's  equa t ion  on t h e  u n i t  squa re  

w i t h  a uniform g r i d  t h e  r a d i u s  of convergence s a t i s f i e s  

Th i s  shows t h a t  u s i n g  SRR f o r  e l l i p t i c  equa t ions  w i t h  l a r g e  Reynolds 

numbers is  about  as e f f i c i e n t  as  u s i n g  SOR f o r  e l l i p t i c  equa t ions  w i t h  

ve ry  low Reynolds numbers. 

VII. Conclusion 

The SRR method introduced i n  t h i s  paper i s  a s t a b l e ,  e f f i c i e n t  

a lgo r i thm f o r  t h e  numerical  s o l u t i o n  of e l l i p t i c  equa t ions  w i t h  l a r g e  

Reynolds number. The formula f o r  t h e  i t e r a t i o n  parameter  g iven  i n  

Sec t ion  V f o r  t h e  f i v e - p o i n t  schemes g ives  convergence rates t h a t  are 

e s s e n t i a l l y  independent of t h e  Reynolds number over  a wide range of 

va lues .  
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TABLE 1. Results for Problem 1. 

Grid Reynolds No. Iterations Iterations Cell 
Parameters (thousands) Checkerboard Natural Reynolds No. 

Ordering Ordering at x = O  

N =  40 6 70 86 .15 ... 
= 10-5 10 70 87 .25 0 

y;, = 0 30 
60 

71. 

72 

89 

90 

.75 

1.5 
80 72 90 2.0 

90 74 122 2.25 

100 108 130 2.5 

N =  40 
x' = 10- 4 
0 

y; = 0 

80 107 120 .20 

100 109 125 .25 

300 102 119 .75 

600 115 130 1.5 

N -  40 10 94 109 .25 

x' = 10- 3 30 101 118 .75 0 
60 103 120 1.5 

80 104 121 2.0 
y;= .5 

Reversed 10 
Na t ur a1 30 

Ordering 60 
80 

81 .25 

85 .75 

87 1.5 

92 2.0 

N = 80 
3 x' = 10- 0 

y; = 0 

100 130 165 1.3 
130 130 165 1.6 

160 130 165 2.0 
180 131 165 2.3 

N =  40 6 =  .5 10 101 

= 10-3 30 112 
0 

y;= .5 60 
80 

115 

116 

.25 

.75 

1: 5 
2.0 

6 =  1. 10 112 ' 

30 128 

60 132 

.25 

.75 

1.5 

-21- 



TABLE 2. Results f o r  Problem 2. 

Grid Reynolds No. Iterations Iterations Cell . 
Parameters (thousands) Checkerboard Natural Reynolds No. 

at x=O Ordering Ordering 

N =  40 
= 10-3 

0 
y;I= 0 

6 

10 

30 
40 
60 

80 

90 

100 

47 

76 

75 
67 
80 

93 

98 
103 

46 
73 

73 

58 
76 

92 

97 

99 

.15 

.25 

.75 
1.0 

1.5 

2.0 

2.3 

2.5 
~~- 

N =  40 80 89 85 .20 

= 10-4 100 95 94 .25 0 
y;, = 0 300 92 91 .75 

600 15 3 149 1.5 
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m 

L 

TABLE 3. I t era t ions  for w as a mult iple  of w* i n  Problem 1. 

R -  40,000 , N = 4 0 ,  

rl 

= 0 

Checkerboard 
Ordering 

y;=o * w =Qua a 

Natural 
Ordering 

.80 

.90 

.95 

1 .00  

1.01 

1.05 

89 

79 

75 

72 

> 200 

diverged 

105 

97 

93 

89 

> 200 

diverged 
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TABLE 4 .  Iterations as a function of N in Problem 1. 

R =  40,000,  
3 x' = l o -  3 

0 
' i b = O ,  

* 
a c t  0 = w  

N 

20 

40 

60 

80 

100 

Checkerboard Ordering 
Iterations Iterations/N 

64  3.2 

72 1.8 

101 1.7 

130 1.6 

15 5 1.6 

-24- 

r 

Natural Ordering 
Iterations Iterations/N 

~ 

72 

89 

127 

163 ' 

202 

3.6 

2.2 

2.1 

2.0 

2.0 


